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Chondroitin sulfate is a major constituent of articular cartilage, which is known to affect in a decisive way
the mobility and flexibility of our joints. A deviation from the physiological conditions, like e.g. a defi-
ciency of water and salt content, in the cartilage tissue has long been suspected to be a possible trigger
for rheumatoid diseases. Progresses in understanding the frictional–compressive behavior on the
molecular level have been hindered due to the lack of reliable experimental data and the multitude of
controlling parameters, influencing the structure and properties of cartilage tissue in its natural envi-
ronment. In this paper we study the thermodynamic response of aqueous chondroitin sulfate solutions
to changes in the monomer and added salt concentrations, using a recently developed field-theoretic
approach beyond the mean field (MF) level of approximation. Our approach relies on the method of
Gaussian equivalent representation, which has recently been shown to provide reliable thermodynamic
information for polyelectrolyte solutions without and with added salt over the whole range of monomer
concentrations. We compare our calculation results to experimental as well as molecular modeling data,
and demonstrate that it provides useful estimates for important thermodynamic properties. Moreover,
we obtain conclusive insights about the hydration effects and counterion behavior under various
conditions, which show that, at the physiological salt concentration, CS solutions have optimal
compressive and tribological properties. Finally, our work provides support for the possibility that a long-
term deviation from the physiological conditions may trigger rheumatoid diseases.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Articular cartilage is a hydrated soft tissue composed of nega-
tively charged proteoglycans fixed within a collagen matrix, whose
primary function is to provide low friction and wear in the synovial
joints. A charge gradient causes the tissue to absorb water and
swell, creating a net osmotic pressure that is counteracted by the
resistance of the network of collagen fibers [1]. This confers carti-
lage its characteristic mechanical properties of being able to resist
high loads and tensile strains. Joint loading is known to be
a combination of cartilage compression and shear, including all
transversal and frictional forces [2]. It is primarily controlled by
large proteoglycan molecules called aggrecans, which interact with
a long hyaluronic acid carbohydrate to form aggregates of very high
molecular weight. A single aggrecan molecule is composed of
a protein backbone of 210–250 kDa, to which are attached long
nsburg.de (S.A. Baeurle).
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negatively charged polysaccharide molecules, so-called glycos-
aminoglycans (GAGs), with a molecular weight ranging from 10 to
40 kDa. A schematic representation of an aggrecan monomer and
its aggregate is shown in Fig. 1. The predominant type of GAG in
aggrecan is chondroitin sulfate (CS). It is a linear polysaccharide with
alternating disaccharide units of glucuronic acid and N-acetylga-
lactosamine [3], whose chemical composition can vary, depending
on the state of health or disease of the cartilage tissue [1,4,5]. The
physiologically important CS’s are in particular chondroitin 4-
sulfate (C4S) and chondroitin 6-sulfate (C6S), for which the sulfate
group is either located at the C4- or C6-position of the galactos-
amine residue, respectively.

Systems composed of CS have been the subject of various
experimental as well as theoretical investigations, both in solu-
tion [1,3,5,6,7] as well as in cartilage [3]. Extensive thermody-
namic investigations on aqueous CS solutions have recently been
presented by Chahine et al. [1], who performed direct experi-
mental measurements of the osmotic pressure using membrane
osmometry. Their experiments were conducted with solutions of
CS-C (89.6% C6S and 10.3% C4S) and CS-A (39% C6S and 61% C4S).
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Fig. 1. Aggrecan monomer and its aggregate.
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They concluded from their study that the osmotic pressure grows
nonlinearly with increasing CS concentration and decreasing
ionic strength of the NaCl bath. Moreover, they found that the
differences in the osmotic pressure of the CS-C and CS-A solu-
tions are negligible. From the theoretical side, Bathe et al. [5]
carried out molecular modeling investigations using a Metropolis
Monte Carlo algorithm, to determine the osmotic pressure of C4S
and C6S solutions at various monomer concentrations and
reservoir ionic strengths. To represent their data, Bathe et al.
used a virial expansion, which allowed them to quantify the
extent of nonideality in the dilute and semidilute regimes for
different chain lengths. They compared their predictions to the
experimental results of Ehrlich et al. [8] and various theoretical
models, including the Donnan theory [9] and the Poisson–
Boltzmann cylindrical cell model [10]. A major conclusion from
their work is that their modeling predictions only agree quali-
tatively with the experimental results of Ehrlich et al. and Cha-
hine et al., as well as with the results from the theoretical models
mentioned previously. Another important outcome is that the
steric excluded volume plays a negligible role in the CS osmotic
pressure at the physiological ionic strength. This relates to the
dominance of the repulsive electrostatic interactions that main-
tain the chains in this regime maximally spaced, whereas at
high-ionic strengths the steric interactions dominate due to
electrostatic screening. Finally, they found, in agreement with the
experimental measurements of Chahine et al. on CS-C and CS-A
solutions, that the position of the sulfate group in C4S and C6S
solutions has only a minor effect on the osmotic pressure. In
a concerted experimental and theoretical investigation of the
mechanical behavior of cartilage Jin and Grodzinsky discovered
that the electrostatic interactions between the GAG molecules
have a major influence on the shear properties of the cartilage
tissue in the extracellular matrix [11]. In a recent work Basalo
et al. [3] found that CS decreases the friction coefficient of
articular cartilage by performing frictional tests and concluded
that the underlying mechanism is neither mediated by viscosity
nor osmotic pressure. Based on these findings, they suggested
that a direct injection of CS into the joints may be beneficial for
their tribological properties.

In the present study our goal is to understand the role and
assess the influence of CS on the frictional–compressive properties
of articular cartilage. To this end, we investigate the response of
the thermodynamic properties of aqueous CS solutions to changes
in the monomer as well as salt concentrations. We put a particular
focus on the central issue of counterion condensation onto the CS
chains, which we suspect to be responsible for the reduction of
the friction coefficient in articular cartilage [3]. The counterion
condensation phenomenon is commonly described by Manning’s
theory [12], which assumes that counterions can condense onto
the polyions until the charged density between neighboring
monomer charges along the polyion chain is reduced below
a certain critical value. In the model the real polyion chain is
replaced by an idealized line charge, where the polyion is repre-
sented by a uniformly charged thread of zero radius, infinite
length and finite charge density, and the condensed counterion
layer is assumed to be in physical equilibrium with the ionic
atmosphere surrounding the polyion. The uncondensed mobile
ions in the ionic atmosphere are treated within the Debye–Hückel
(DH) approximation. The phenomenon of counterion condensa-
tion now takes place when the dimensionless Coulomb coupling
strength G¼ lB/lcharge> 1, where lB represents the Bjerrum length
and lcharge the distance between neighboring charged monomers
[13]. In this case the Coulomb interactions dominate over the
thermal interactions and counterion condensation is favored. For
many standard polyelectrolytes, this phenomenon is relevant,
since the distance between neighboring monomer charges typi-
cally ranges between 2 and 3 Å and lB z 7 Å in water. In the case
of CS systems G¼ 1.4, which implies that counterion condensation
should take place. However, Bathe et al. [7] have recently per-
formed simulations with fully ionized CS chains. They validated
their approach by noting that CS systems are a borderline case and
Manning’s theory does not take into account the molecular details
of real polyion chains, like e.g. local solvation effects or atomic
partial charge distributions.

In the present paper our goal is to investigate the counterion
condensation phenomenon in CS solutions at different monomer
and salt concentrations and study the influence of solvation
effects on the frictional–compressive properties of CS poly-
electrolytes in solution and cartilage. Our investigations are
carried out, using the field-theoretic approach for flexible poly-
electrolyte chains introduced by us in Ref. [14]. In the latter work
we employed the tadpole renormalization procedure making use
of the method of Gaussian equivalent representation (GER) for
functional integrals [14,15,16], which goes beyond the MF level of
approximation. In particular, we demonstrated that the GER
methodology provides useful osmotic pressure results for poly-
electrolyte solutions composed of sodium poly(styrene-sulfonate)
(NaPSS) without and with added salt over the whole range of
monomer concentrations.

Our paper is organized in the following way. In Section 2 we
review the basic derivation of the field theory for flexible poly-
mer chains, followed by the derivation of our GER theory. Then,
we demonstrate the applicability of the method on systems of
polyelectrolyte chains, where the monomers interact via the
electrostatic part of the Derjaguin–Landau–Verwey–Overbeek
(DLVO) pair potential [17,18], and develop the corresponding
formulas, employed to calculate the structural and thermody-
namic quantities considered in this work. In Section 3 we present
and discuss the results of our calculations on the example of
aqueous C4S solutions at various monomer and salt concentra-
tions by comparing them to the osmotic pressure measurements
of Chahine et al. [1] and the molecular modeling data of Bathe
et al. [5].

2. Theory

2.1. Field theory for flexible polymer chains

In this work we treat the aqueous polyelectrolyte solutions
within the standard continuum model of Edwards for flexible
polymer chains, dissolved in a good solvent [19]. The macro-
molecules are assumed to be linear homopolymers of uniform
length with statistical properties, described by the continuous
Gaussian chain model. The solvent degrees of freedom are not
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explicitly taken into account in the statistical mechanical
description, but will be introduced a posteriori in a coarse-
grained fashion. The interactions among the segments are
assumed to be characterized by the electrostatic part of the
DLVO potential. For this model, the grand canonical partition
function at temperature T and volume V can be formulated as
follows:

Xðz;V ; TÞ ¼
XN
n¼0

zn

n!

Z
dr1.

Z
drnexp ½ � bF0½r� � bF1½r��; (1)

with b¼ 1/(kBT) and n representing the number of polymers. The
activity

z ¼ 1

l3
T

ebm; (2)

where m is the chemical potential and lT ¼ hðb=ð2pmÞÞ1=2 is the
thermal de-Broglie wavelength with m as the mass of the polymers.
The notation

R
dr1.

R
drn denotes n path integrals over all possible

space curves, where the polymer coordinates ri ˛ R3 with i¼ 1, ., n
describe the conformations of the chains. The energy contributions,
representing the short-ranged harmonic binding interactions, are
contained in the following term

F0½r� ¼
3

2bNb2

Xn

l¼0

Z 1

0
ds
����drlðsÞ

ds

����2; (3)

where N is the polymerization index and b is the statistical segment
length. The potential energy contribution

F1½r� ¼
1
2

Z
dr
Z

dr 0brðrÞF1ðjr� r 0jÞbrðr 0Þ � 1
2

nNF1ð0Þ (4)

describes the long-range interactions between the monomers,
where

brðrÞ ¼ N
Xn

j¼1

Z 1

0
ds d

�
r� rjðsÞ

�
(5)

represents the segment density operator. To introduce the auxiliary
field w, let us in the following make use of a functional form of the
Hubbard–Stratonovich transformation [20]

e�
b
2ðbrF1brÞ ¼ Z dwffiffiffiffiffiffiffiffiffiffiffiffiffiffi

det F1
p e�

1
2ðwF�1

1 wÞþi
ffiffi
b
p
ðbrwÞ; (6)

where

e�
b
2ðbrF1brÞ ¼ exp

�
� b

2

Z
dr
Z

dr 0brðrÞF1ðr� r 0Þbrðr 0Þ�;
�

wF�1
1 w

	
¼ 1

V2

Z
dr
Z

dr 0wðrÞF�1
1 ðr� r 0Þwðr 0Þ;

�brw
	
¼
Z

drbrðrÞwðrÞ ¼ N
Xn

j¼0

Z 1

0
dsw

�
rjðsÞ

�
: (7)

This provides us the grand canonical partition function in its basic
field-theoretic representation [14]

Xðz;V ; TÞ ¼
Z

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det F1

p e�
1
2ðwF�1

1 wÞþ~zVQ ½iw�; (8)
where

R
dr exp

"
� 3

2Nb2

R 1
0 ds

���drðsÞ
ds

���2þiN
ffiffiffi
b

p R 1
0 dswðrðsÞÞ

#

Q ½iw� ¼ R

dr exp

"
� 3

2Nb2

R 1
0 ds

���drðsÞ
ds

���2# (9)

is the partition function of a single polymer with

~z ¼
exp½bmþ b

2NF1ð0Þ
i

l3N
T

Z
dr exp

24� 3
2Nb2

Z 1

0
ds
����drðsÞ

ds

����2
35 (10)

as the polymer activity. Note that for V/N we have

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det F1

p ¼ exp

"
� V

2

Z
dp

ð2pÞ3
ln F1ðpÞ

#
; (11)

with

F1ðpÞ ¼ ~F1ðpÞ=V

and

~F1ðpÞ ¼
Z

dr F1ðrÞeiðprÞ; (12)

F1ðrÞ ¼
Z

dp

ð2pÞ3
~F1ðpÞe�iðprÞ:

2.2. Gaussian equivalent representation and its 0th-order
approximation

To derive the GER of the grand canonical partition function, let
us perform the following shift of the integration contour

wðrÞ/wðrÞ þ i ffiffiffi
b

p cGER; (13)

where cGER represents the shifting function, and transform the
Gaussian measure in the following way [16]

dmF1
¼
Z

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det F1

p e�
1
2ðwF�1

1 wÞ/dmD ¼
Z

dwffiffiffiffiffiffiffiffiffiffiffi
detD
p e�

1
2ðwD�1wÞ;

(14)

where D(r� r0) is a renormalized effective interaction potential.
Our basic idea is to remove the divergent self-interaction contri-
butions from the interaction functional in Eq. (8). We achieve this
by applying the concept of normal product [16] and requiring that
the linear and quadratic normal products of the field variable w(r)
are absent in the new integrant exponent. As a result, we obtain the
GER of the grand canonical partition function [21]

Xðz;V ;bÞ ¼ e�bU
0
GER

Z
dmD½w�eW½w�; (15)

where

W½w� ¼ cGER

b~Fðp ¼ 0Þ

Z
dr
�

ei
ffiffi
b
p

wðrÞþb
2Dð0Þ � 1� i

ffiffiffi
b

p
wðrÞ

þ b

2

�
w2ðrÞ � Dð0Þ

	�
: (16)

The shifting parameter cGER and renormalized potential D(r� r0)
are obtained by solving the so-called GER equations [16,21,22]
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cGER ¼
z1Nb~F1ðp ¼ 0Þ

V
e�NcGER ; (17)

~DðpÞ ¼
~F1ðpÞ

1þ NcGER

 
~F1ðpÞ

~F1ðp¼0Þ

!;
where

z1 ¼
exp½bmþ b

2NðF1ð0Þ � Dð0ÞÞ
i

l3N
T

Z
dr

exp

24� 3
2Nb2

Z 1

0
ds
����drðsÞ

ds

����2
35 (18)

and

Dðr� r0Þ ¼
Z

dp

ð2pÞ3
~DðpÞe�ipðr�r0Þ (19)

represents the potential of mean-force within the GER formalism
[15]. Moreover, the function UGER

0 defines the grand canonical free
energy in the 0th-order GER (GER0) approximation and is given by

U0
GER ¼ �

V
2b

Z
dp

ð2pÞ3

"
ln

 
~DðpÞ
~F1ðpÞ

!
�

~DðpÞ
~F1ðpÞ

þ 1

#

�
V
�
2cGER þ c2

GER

�
2b2 ~F1ðp ¼ 0Þ

: (20)

2.3. Monomer interaction model

In the following we assume that the effective interactions
between the monomers can suitably be described by the electro-
static part of the DLVO-pair potential given by

F1ðrÞ ¼
z2

MAðk; aÞlB

b

e�kr

r
; (21)

where r¼ jrj is the distance between the monomer centers and
lB¼ e2/(ekBT) is the Bjerrum length with e and e as the elementary
charge and dielectric constant of the suspending medium, respec-
tively. Moreover, zM is the monomer charge number and

Aðk; aÞ ¼



expðka=2Þ
1þ ka=2

�2

(22)

is the geometrical factor, where a denotes the diameter of the
sphere encompassing the excluded volume of a monomer. The
screening parameter k governs the range of interactions and is
given by k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8plBI

p
with the ionic strength

I ¼ 1
2

"X
c

z2
c hrci þ

X
i

z2
i hrii

#
; (23)

where CrcD is the density of the counterions with charge number zc

and CriD is the density of the added salt ions with charge number zi.
The Fourier transform of the DLVO potential is

~F1ðpÞ ¼
4pz2

MAðk; aÞlB

b

1
p2 þ k2; (24)

with the length of the reciprocal lattice vector p¼ jpj.
2.4. Thermodynamic and structural quantities

As demonstrated in Ref. [23], thermodynamic properties within
the GER0 formalism can easily be derived via the free energy route
(F-route) or the pair distribution function route (g-route). Within
the F-route, the GER0 approximation of the osmotic pressure takes
the form

P ¼ �U

V

¼ 1

ð2pÞ2b

Z N

0
dpp2

"
~cGERyðpÞ

1þ ~cGERyðpÞ � ln
�

1þ ~cGERyðpÞ
	#

þ
~c2

GER þ 2~cGER

2b2N2 ~F1ðp ¼ 0Þ
; (25)

where the GER0 approximation of U is given by Eq. (20) with yðpÞ ¼
~F1ðpÞ=~F1ðp ¼ 0Þ and ~cGER ¼ NcGER. The average polymer density
is derived via the following formula:

hri ¼ z1

V
1
X



vX

vz1

�
b;V
¼ b~cGER

1þ ~cGER

 
vP

v~cGER

!
b;V

: (26)

Inserting the DLVO potential Eq. (21) into the Eqs. (17) written in
terms of ~cGER and Eq. (26), we can express the average polymer
density as

hri ¼
~cGERNA

N2B
� k3~c2

GER

16p
�

1þ ~cGER

	3=2
; (27)

where

B ¼ 4pz2
MAðk; aÞlBNA=k2 (28)

and NA is the Avogadro constant. The monomolar concentration is
defined via CM¼NCrD/NA and yields

CM ¼
~cGER

NB
� Nk3

16pNA

~c2
GER�

1þ ~cGER

	3=2
: (29)

Note that the previous equation defines the contour shift parameter
~cGER as a function of monomer concentration and the polymeriza-
tion index N. Using it to reformulate the osmotic pressure in Eq.
(25), we get

P

RT
¼ CM

N
þ

C2
M

N2
hðk; aÞ; (30)

where R is the molar ideal gas constant, while

hðk; aÞ ¼ 2
3

pz2
MAðk; aÞNAlB

Z N

0
dr rgðrÞð1þ krÞe�kr; (31)

with the GER0 approximation of the radial distribution function
[21]

gðrÞ ¼ e�bDðrÞ (32)

and

DðrÞ ¼
4pz2

MAðk; aÞlB

b

e�kr
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ~cGER

p

r
: (33)



Fig. 2. Osmotic pressure as a function of monomer concentration at different salt
concentrations, calculated with the GER0 method and compared to the experimental
measurements of Chahine et al. [1].

Fig. 3. Osmotic pressure as a function of monomer concentration at different salt
concentrations, calculated with the GER0 method and compared to the experimental
measurements of Chahine et al. [1], as well as the molecular modeling results of Bathe
et al. [7].
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The entropy can be formulated as [24]

s ¼ sid þ 1
2

kBbn
Z

dr F1ðrÞ

24gðrÞ � 1�
Z 1

0
dln2ðr; lÞ

35; (34)

where sid is the entropy of the ideal gas and g(r) is given by Eq. (32),
while n2(r, l)¼ g(r, l)� 1¼ e�bD(r,l)� 1 with

Dðr; lÞ ¼
4pz2

MAðk; aÞlBl

b

e�kr
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ~cGER

p

r
: (35)

Using the GER0 approximation of the monomer concentration in
Eq. (29) and the entropy expression in Eq. (34), we obtain the molar
excess entropy as

sex
m ¼ 1

2
kBbCM

Z
dr F1ðrÞ

24gðrÞ � 1�
Z 1

0
dl n2ðr; lÞ

35: (36)

3. Results and discussion

In the following we present GER0 calculations for aqueous CS
solutions at different NaCl concentrations and compare the results
to the osmotic pressure measurements of Chahine et al. [1], as well
as the molecular modeling data of Bathe et al. [5]. For comparison,
we considered only C4S solutions, because the differences in the
osmotic pressure of the C4S and C6S solutions, as well as of their
mixtures, were found to be negligible. Note that we did not take
into account the osmotic pressure results of Ehrlich et al. in our
theoretical analysis [8], because they performed their experiments
at a temperature of 277 K, in contrast to room temperature in case
of Chahine et al. Moreover, their results have been found to be
sensitive to their indirect technique of measurement [1], which
consists in equilibrating CS solutions placed in dialysis sacs against
polyethylene glycol (PEG) solutions of known concentrations and
deducing the osmotic pressures of the CS solutions from the cali-
brated PEG osmotic pressures. In our calculations we invoked
electroneutrality, which implies that

zHCH þ zMCM þ zNaCNa þ zClCCl ¼ 0; (37)

where the charges and concentrations for the Hþ-, Naþ-, Cl�-ions
and the CS disaccharide repeat (monomeric) units are, respectively,
given by zH¼þ1, CH, zNa¼þ1, CNa, zCl¼�1, CCl, zM¼�2 and CM. The
latter definitions allow us to write the ionic strength of the CS
solutions in the following form:

I ¼ 1
2

h
2z2

HCM þ 2z2
s Cs

i
; (38)

where zs¼ 1 and Cs represent the charge and concentration of NaCl,
respectively. Moreover, we can now define the screening parameter
of the DLVO interactions between the monomers as

k ¼ 1
rD
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4plB

�
2z2

HCM þ 2z2
s Cs
�q
; (39)

where rD is the Debye length. In Fig. 2 we show the GER0 results for
the osmotic pressure in comparison to the osmotic pressure
measurements of Chahine et al. [1] on aqueous CS-C solutions at
a temperature of T¼ 298 K and at different concentrations of added
salt. For the calculations, we employed the Eqs. (29)–(33) in
conjunction with Eqs. (22) and (28), and chose the parameters
a¼ 5.5�10�9 dm, lB¼ 7.02�10�9 dm and N¼ 32, unless explicitly
specified otherwise. To represent the experimental data, we used
the following equation [1]:
P

RT
¼
h
c1jzMjCM þ c2z2

MC2
M

i106

RT
; (40)
where jzMj ¼ 2. The coefficients c1 and c2 were taken from Table 1 in
Ref. [1]. As we can deduce from the figure, the GER0 results agree
qualitatively well with the experimental results of Chahine et al. [1]
over the whole range of monomer and salt concentrations. This
becomes particularly apparent, if we further compare in Fig. 3 the
GER0 data with the molecular modeling data of Bathe et al. [5] as
well as the experimental results of Chahine et al. in case of C4S
solutions with the physiological salt concentration 0.15 M and 1 M.
Bathe et al. performed their simulations at room temperature,
using a canonical Metropolis Monte Carlo algorithm and employing
periodic boundary conditions. For comparison, we used the
molecular modeling results of Bathe et al. with chain lengths of
N¼ 16 and N¼ 32 disaccharides, represented by the equation [5]



Fig. 4. Osmotic pressure as a function of monomer concentration at different salt
concentrations, calculated with the effective GER0 method and compared to the
experimental measurements of Chahine et al. [1].

Fig. 5. Effective excluded volume parameter as a function of monomer concentration
at different salt concentrations, determined with the effective GER0 method.
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P

RT
¼ A1cþ A2c2 þ A3c3; (41)

where c¼ CMM is the polymer concentration with CM as the mon-
omolar concentration and M¼ 457 Da as the disaccharide molar
mass. The coefficients A1, A2 and A3 were taken from Tables 1 and 2
of Ref. [5]. We conclude from both graphs that the GER0 results are
in better agreement with regard to experimental data, than the
computer simulation results of Bathe et al. The reason of the failure
of the molecular modeling method of Bathe et al. is in our view that
it makes use of the mean field Poisson–Boltzmann (PB) theory, to
evaluate the electrostatic interactions in the electrolyte medium
surrounding the CS chains. This approach enhances the sampling of
the conformational space of the CS chains by pre-averaging over
the solvent degrees of freedom and eliminates the need to deter-
mine long-range Coulombic interactions through computationally
expensive techniques, like the Ewald summation. Unfortunately,
the underlying MF approximation not only increases the compu-
tational efficiency of their calculation procedure, but also neglects
important electrostatic correlation effects, arising from density
fluctuations of the counterions. Another consequence of the MF
treatment is that the counterion condensation phenomenon cannot
be taken into account appropriately in their molecular model,
which leads to an underestimation of the contribution of the
electrostatically induced stiffness to the osmotic pressure. Both
shortcomings have been put forward by Bathe et al. as possible
source of error of their calculation procedure [5,7]. In contrast to
Bathe’s approach, we take into account the electrostatic correlation
effects between the counterion clouds of the CS chains by
employing the method of GER, which treats our CS model beyond
the MF level of approximation. As already mentioned in the
Introduction, it relies on the concept of tadpole renormalization,
which originates from quantum field theory, and is based on the
observation that the main contributions to the partition function
integral are provided by divergent low-order tadpole-type Feyn-
man diagrams, arising from particle self-interactions. These diver-
gences can effectively be taken into account by deriving the GER of
the partition function integral, using the GER transformation
procedure presented in Section 2.2. Its lowest order approximation,
i.e. the GER0 approximation, has proven in several recent works to
provide structural and thermodynamic information of higher
accuracy than the MF approach at similar computational costs by
including a tremendous amount of density correlation into the
calculation [14,16,21,23]. We explain the remaining discrepancy
between the GER0 and experimental data by the neglect of local
electrostatic and solvent effects, inducing the solvent-mediated
condensation of the counterions onto the CS chains and causing the
dependence of the excluded volume parameter a on concentration.
We will in the following take them into account in a coarse-grained
fashion by introducing a concentration dependent effective
excluded volume parameter aeff. We interpret this latter parameter
as the diameter of the cloud of counterions, condensed onto the CS
chains that are subjected to local electrostatic and hydration effects.
In Fig. 4 we show the osmotic pressure as a function of monomer
concentration at different salt concentrations, obtained by adjust-
ing the GER0 expressions in Eqs. (29)–(33) onto the experimental
results through varying the effective excluded volume parameter
introduced previously. We observe that the resulting effective GER0
approach describes the experimental data over the entire range of
monomer concentrations and at all concentrations of added salt
very well. In Fig. 5 we visualize the corresponding effective
excluded volume parameter as a function of monomer concentra-
tion at various NaCl concentrations. We observe that at a salt
concentration of 0.015 M the parameter goes to zero in the limit
CM/0, which can be explained by the fact that in this regime only
the negatively charged CS chains with zero diameter contribute to
the excluded volume. In this regime, the counterions are highly
mobile and only loosely bound to the CS chains. This is due to the
fact that in aqueous CS solutions at infinite dilution the ionic
dissociation tendency, due to hydration, dominates over the
counterion condensation phenomenon, which is in conformity
with the Ostwald principle of dilution. Moreover, we further
deduce from the graph that at this salt concentration the excluded
volume parameter increases with growing monomer concentration
CM, due to condensation of the counterions onto the CS chains. By
contrast, at higher concentrations of added salt we see that aeff

remains finite in the zero CM limit. This relates to the high
concentration of the counterions, causing that a part of them
remains attached (condensed) onto the CS chains, down to van-
ishing monomer concentrations. We further deduce from the graph
that at salt concentrations of 1 M and 2 M the excluded volume
parameter decreases with increasing CM. In this regime a large
amount of condensed counterions has to share a decreasing
amount of water molecules, which leads to a decrease in the



Fig. 7. Molar excess entropy, calculated with the GER0 method, as a function of
monomer concentration at different salt concentrations.
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average size of their hydration shells. Finally, we recognize that at
a salt concentration of approximately 0.15 M a turnover in behavior
of the slope of the effective parameter aeff takes place. It is worth
pointing out that this salt concentration just coincides with the
physiological salt concentration in the cartilage tissue [5]. In Fig. 6
we plot the dependence of the Debye length rD, calculated via Eq.
(39), on the monomer concentration at different salt concentra-
tions. The quantity describes the distance of action of the electric
field of each monomer charge within the electrolyte medium.
Inside the sphere of radius equal to the Debye length, the hydrated
counterions are directly exposed to the influence of the electric
field of the CS monomers, while outside of it the electric field is
shielded as a result of the polarization of the surrounding electro-
lyte medium. From the plot, we conclude that the Debye length
increases with decreasing salt concentration. This is due to the
evaporation tendency of the condensed counterions, caused by
hydration. Moreover, we observe that the Debye length decreases
with growing monomer concentration and that its rate of decrease
diminishes with salt concentration. This relates to the fact that with
higher salt concentration the availability of water molecules
decreases, while the number of counterions increases. In Fig. 7 we
show the molar excess entropy, calculated via Eq. (36), as a function
of monomer concentration at the same NaCl concentrations as
regarded previously. We recognize that at an added salt concen-
tration of 0.015 M the entropy possesses three distinct regimes.
After an initial phase of fast decrease, a plateau appears at
a monomer concentration of CM z 0.05 monomol/l, which is fol-
lowed by another phase of accelerated decrease at CM> 0.3 mo-
nomol/l. We attribute the three entropic regimes to the different
structural arrangements of the CS chains, corresponding to the
dilute, semidilute and concentrated regimes of polymer systems
[25]. Finally, we observe that with increasing salt concentration the
decrease of the entropy becomes slower and monotonic. This
relates to the fact that at higher salt concentrations the monomer
interactions are screened due to the counterions, causing that the
distinct regimes of structural arrangement are suppressed.

Let us next analyze the consequences of our findings for the
frictional–compressive properties of articular cartilage. We believe
that in the optimal case CS in cartilage should have a low resistance
against gliding and at the same time a high resistance against
compression. We already noted from the curves of the Debye length
that at 0.015 M the electrostatic friction is largest and, thus, the
Fig. 6. Debye length, calculated with the GER0 method, as a function of monomer
concentration at different salt concentrations.
resistance against gliding would be largest in this case, which
renders the moving of the joints more difficult. By contrast, at
higher salt concentration the electrostatic friction becomes lower,
but at the same time the osmotic pressure decreases, which leads to
a decrease of the compressive resistance. In the following let us
consider in Fig. 8(a) a sketch of the aggrecan layers as existing in the
cartilage tissue on the macromolecular scale at the physiological
salt concentration [26,27]. We assume that the condensed coun-
terion cloud around each CS chain acts as an envelope, causing its
electrostatically induced stiffness. Such an envelope should have in
the ideal case a low gliding resistance, as well as a high resistance
against compression. The former property allows a fast movement
of opposing envelopes with low friction and minimal development
of dissipative energy. The second property ensures that the CS
molecules with their envelopes can absorb compressive shocks
optimally, so that any risks of cartilage damaging are excluded. Both
properties are optimized at the physiological salt concentration
0.15 M. At this concentration, the counterion evaporation is low and
the diameter of the counterion clouds, expressed by the effective
excluded volume parameter aeff, remains nearly constant as the
monomer concentration is increased. This relates to the fact that
the CS chains during compression remain always nearly stretched
due to the electrostatically induced stiffness, conferred by their
condensed counterion clouds. In Fig. 8(b) and (c) we show sketches
of the situation encountered in the cartilage tissue under low and
high joint loading conditions, respectively. At low loads, the CS
chains are fully stretched, to ensure optimal gliding and at the same
time allow a high resistance against compression. At high loads, the
CS chains react by squeezing out the water and reducing in this way
their electrostatically induced stiffness, which causes that they
become highly flexible and adopt a coil-like conformation in
concordance with the natural functional role of CS in the cartilage
tissue. It is worth noting in this context that the dominance of the
electrostatic interactions in the mechanical stiffness of CS in the
cartilage extracellular matrix has been confirmed in recent exper-
imental works [11,27]. These ensure that the cartilage tissue can
contract and act as a highly efficient shock absorber in the joints,
conferring cartilage its characteristic mechanical properties. From
the previous discussion, we can clearly conclude that, under the
physiological conditions, the movement of the joints takes place at
optimal frictional–compressive properties. A long-term deviation



Fig. 8. Aggrecan layers in the cartilage tissue at the physiological salt concentration: (a) on the macromolecular scale, as well as subjected to (b) low and (c) high joint loadings. In
the latter two figures green circles with plus signs denote counterions and orange arrows with minus signs the negatively charged aggrecan monomers (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article).
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from these conditions in the extracellular matrix, thus, may lead to
a deterioration of the functionality of the CS molecules, which may
trigger rheumatoid diseases. Ultimately, this could result in a loss of
aggrecan, as often found in joint injuries or diseases, such as
arthrosis, rheumatoid arthritis and osteoarthritis [28,29,30]. The
apparent disfunction of the enzyme aggrecanase [30], which causes
proteolytic cleavage of CS from aggrecan in the extracellular matrix
leading to a high concentration of CS in the synovial fluid, could in
our view also be the result of a regulation process of the enzyme in
response to a change in the physiological or loading conditions. To
increase the compressive performance of aggrecan in the cartilage
tissue, the aggrecanase decreases the monomer concentration by
cleaving CS from the aggrecan in the cartilage tissue. The cleaved
aggrecan fragments are, then, transported into the synovial fluid.
Unfortunately, at the same time the gliding resistance is augmented
in the cartilage tissue, as a consequence of the increase of the
electrostatic friction. This mechanism is supported by the research
presented in this work.
4. Conclusions and outlook

In the present work we have studied the thermodynamic
response of aqueous chondroitin sulfate solutions to changes in the
monomer and added salt concentrations, using a recently devel-
oped field-theoretic approach beyond the mean field level of
approximation. We have compared our calculation results to data
from experiments as well as molecular dynamics calculations, and
demonstrated that our method provides reliable information for
the osmotic pressure and entropy. By adjusting the osmotic pres-
sure to experimental data and analyzing the resulting effective
excluded volume parameter in various concentration regimes, we
have investigated the local electrostatic and solvent effects, influ-
encing the condensation behavior of the counterions onto the
chondroitin sulfate chains. This allowed us to draw important
conclusions for the properties of these polyelectrolytes in aqueous
solutions as well as in articular cartilage, which are summarized
below.

First of all, we deduce from our investigation that the
phenomenon of counterion condensation onto the chondroitin
sulfate chains influences the thermodynamic as well as frictional–
compressive properties of these systems in a crucial way. More
specifically, we find that the counterion condensation behavior
disappears in the limit of infinite dilution in solutions of low
concentration of added salt, which is in opposition with the
predictions of Manning’s theory but in conformity with Ostwald’s
principle. Secondly, we find that with increasing salt concentration
the counterions tend to condense onto the chondroitin sulfate
chains, which decreases the electrostatic friction between the
chains and, thus, their resistance against gliding. Moreover, we
demonstrate that, at the same time, the hydration shells of the
counterions become smaller, which diminishes the resistance of
the chains against compression. Finally, we show that, at the
physiological salt concentration, chondroitin sulfate solutions
possess optimal frictional–compressive properties, which indicate
that the phenomenon of counterion condensation onto the chon-
droitin sulfate chains has a major influence on the mechanical
behavior of articular cartilage. These latter results provide support
for the possibility that a long-term deviation from the physiological
conditions in the cartilage tissue might trigger rheumatoid
diseases.
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